PRODUCTS OF k£ ATOMS IN KRULL MONOIDS
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ABSTRACT. Let H be a Krull monoid with finite class group G such that every class contains a prime
divisor. For k € N, let Uy, (H) denote the set of all m € N with the following property: There exist atoms
Uly ..., Uk, V1,...,Um € H such that ug -... - up =v1 ... vm. It is well-known that the sets Uy (H)
are finite intervals whose maxima pi(H) = maxUy(H) depend only on G. If |G| < 2, then py(H) = k
for every k € N. Suppose that |G| > 3. An elementary counting argument shows that poy (H) = kD(G)
and kD(G) + 1 < pog41(H) < kD(G) + L@J where D(G) is the Davenport constant. In [II] it was
proved that for cyclic groups we have kD(G) + 1 = par+1(H) for every k € N. In the present paper we
show that (under a mild condition on the Davenport constant) for every noncyclic group there exists

a k* € N such that pop4+1(H) = kED(G) + \_%J for every k > k*. This confirms a conjecture of A.
Geroldinger, D. Grynkiewicz, and P. Yuan in [13].

1. INTRODUCTION

Let H be an atomic monoid. If an element a € H has a factorization ¢ = uy - ... - up into atoms
u,...,ur € H, then k is called the length of the factorization, and the set L(a) of all possible lengths
is called the set of lengths of a. For k € N, let Ui (H) denote the set of all m € N with the following
property: There exist atoms uq, ..., ug, v1,...,0, € H such that uy«...-up = vy ... vy. Thus Uy (H) is
the union of all sets of lengths containing k. The sets Uy (H) are one of the most investigated invariants
in factorization theory which were introduced by S.T. Chapman and W.W. Smith in Dedekind domains
([]). Their suprema py(H) = sup Uy (H) were first studied in the 1980s for rings of integers in algebraic
number fields ([8, [19]). Since then these invariants have been studied in a variety of settings, including
numerical monoids, monoids of modules, noetherian and Krull domains (for a sample out of many we
refer to [10, 4] 3 15, [1]).

In the present paper we focus on Krull monoids with class group G such that every class contains
a prime divisor. If |G| < 2, then U, (H) = {k} and if G is infinite, then U, (H) = N>, for all k € N.
Suppose that G is finite with |G| > 3. This setting includes holomorphy rings in global fields. For more
examples we refer to [I3], and a detailed exposition of Krull monoids can be found in [I8], [14].

The unions Uy (H) C N are finite intervals, say Uy (H) = [Ax(H), pr(H)], whose minima A\, (H) can be
expressed in terms of pi(H) ([I2, Chapter 3]). Elementary counting arguments (e.g. [14, Section 6.3])
show that, for every k € N, we have poi,(H) = kD(G) and that
(1.1) kD(G) + 1 < par41(H) < kD(G) + {D(QG)J .
Based on the Savchev-Chen Structure Theorem [I7, Section 11.3] (resp. on a related result on the index
of sequences) Gao and Geroldinger [I1] showed that for every cyclic group G and every k € N we have
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pak+1(H) = kD(G) + 1. In [I3 Conjecture 3.3], the authors conjectured that for every noncyclic group
G there exists a k* € N such that

D(G
pak+1(H) = kD(G) + {(Q)J for every k> k.
We confirm this conjecture for wide classes of groups. For a precise formulation of our main result we
need one more definition. Suppose that G =2 C,,, ®...®C,, where r,ny,...,n, E Nwith1 <nq| ... |n,,
and set

D*(G) =1+ i(ni ~1).

It is well-known that D*(G) < D(G). Equality holds for p-groups, groups of rank at most two, and others
(see [I2, Corollary 4.2.13], [5] for recent progress), but it does not hold in general ([I6]). Here is our main
result.

Theorem 1.1. Let H be a Krull monoid with finite noncyclic class group G such that every class contains
a prime divisor. Then there exists a k* € N such that
D*(G)

paria () 2 (k= K)D(G) + K°0(G) + | 4P| for cvery k20

In particular, if D(G) = D*(QG), then

for every k > k.

pava () = 06 + | 57|

2

In [13], Geroldinger, Grynkiewicz, and Yuan gave a list of groups for which the above result holds with
k* = 1. Furthermore, they showed that if G = C,,, ® Cy,,, with n > 1 and m > 2, then the result holds
with £* = 1 if and only if n = 1 or m = n = 2. It remains a challenging task to determine, for a given
group G, the smallest possible £* € N for which the above statement holds.

It is well-known that the invariants py(H) can be studied in an associated monoid of zero-sum sequences
and this allows to use methods from Additive Combinatorics (see Lemma [2.1)). In Section [2] we fix our
notation and terminology. At the beginning of Section [3]| we introduce our main concept in Definition [3.1
and after that we discuss the strategy of the proof.

2. PRELIMINARIES

Let N denote the set of positive integers and Ny = N U {0}. For real numbers a,b € R, we denote
by [a,b] = {z € Z | a < x < b} the discrete interval. For n € N we denote by C,, a cyclic group of
order n. Let G be a finite abelian group. Then G = C,, ® ... ® C,,, where r € Ny, n1,...,n, € N with
1<ni]|...|n,.. Wecall r =r(G) the rank of G (thus r(G) is the maximum of the p-ranks of G), and a
tuple (ey, ..., es) of nonzero elements of G is said to be a basis of G if G = (1) ®... D (es). We start with
a couple of remarks on abstract monoids, continue with the monoid of zero-sum sequences, and then we
deal with Krull monoids.

By a monoid, we mean a commutative semigroup with identity which satisfies the cancellation law
(that is, if a,b,c are elements of the monoid with ab = ac, then b = ¢ follows). The multiplicative
semigroup of non-zero elements of an integral domain is a monoid. Let H be a monoid. We denote by
H* the group of invertible elements of H and by A(H) the set of atoms (irreducible elements) of H. If
a=uy-... ug, where k € N and uy,...,ur € A(H), then k is called the length of the factorization and
L(a) = {k € N | a has a factorization of length %} C N is the set of lengths of a. For convenience, we set
L(a) = {0} if a € H*. Furthermore, we denote by

L(H)={L(a)|a € H} the system of sets of lengths of H .
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Let k € N and suppose that H # H*. Then
uH) = |J L@

a€H, keL(a)

is the union of all sets of lengths containing k. Thus, U (H) is the set of all m € N such that there are
Atoms Ug, ..., Uk, U1y ..., Uy With ug ... - U = v1 - ... U, and we define py(H) = sup U, (H). Sets of
lengths are the best investigated invariants in Factorization Theory (for an overview we refer to [I4] [6]).

Let G be an additively written finite abelian group. By a sequence over G, we mean a finite sequence
of terms from G where repetition is allowed and the order is disregarded. As usual (see [14] [17]), we
consider sequences as elements of the free abelian monoid F(G) with basis G. A sequence S over G will
be written in the form

S=g1-...-q = Hgvg(s) € F(GQ),
geG

and we call

S| =1=23",c6Vq(S) € Ng the length of S,
supp(S) = {g € G| v4(S) > 0} C G the support of S, and
o(S) = Zézl 9i = > gec Ve(S)g € G the sum of S.

We say that S is a zero-sum sequence if o(S) = 0, and clearly the set of zero-sum sequences
B(G)={S € F(G) |o(S) =0} Cc F(G)

is a submonoid of F(G), called the monoid of zero-sum sequences over G. Clearly, an element A € B(G)
is irreducible if and only if it is a minimal zero-sum sequence, and we denote by A(G) := A(B(G)) the
set of atoms of B(G). This set is finite, and the Davenport constant D(G) of G is the maximal length of
a minimal zero-sum sequence over GG, thus

D(G) =max{|U| | U € A(G)} eN.

In other words, D(G) is the smallest integer ¢ such that every sequence S over G of length |S| > ¢ has a
nontrivial zero-sum subsequence.

A monoid H is a Krull monoid if one of the following equivalent conditions is satisfied:

(a) H is completely integrally closed and satisfies the ascending chain condition on divisorial ideals.
(b) There is a free abelian monoid F' and a homomorphism ¢: H — F' with the following property: if
a,b € H and ¢(a) divides ¢(b) in F, then a divides b in H.

We refer to the monographs [I8| [I4] for a detailed exposition of Krull monoids and to the already
mentioned paper [13]. We just mention that a domain R is a Krull domain if and only if its monoid of
nonzero elements is a Krull monoid, and for monoids of modules which are Krull we refer to [2] I, [].
Property (a) easily shows that every integrally closed noetherian domain is a Krull domain. Since the
embedding B(G) — F(Q) satisfies Property (b), we infer that B(G) is a Krull monoid. It is easy to
verify that the class group of B(G) is isomorphic to G and that every class contains a prime divisor.
Furthermore, B(G) plays a universal role in the study of the arithmetic of general Krull monoids. In
particular, the system of sets of lengths of a Krull monoid H with class group G, where each class contains
a prime divisor, coincides with the system of sets of lengths of B(G). We give a precise formulation of
this well-known fact (for progress in this directions see [I3| Proposition 2.2]).

Proposition 2.1 ([I4], Theorem 3.4.10). Let H be a Krull monoid with class group G such that every
class contains a prime divisor. Then there is a transfer homomorphism 3: H — B(G) which implies
that, for every k € N,

Up(H) = Ur(B(G)) and  pr(H) = pr(B(G)).
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Thus the invariants pp(H) can be studied in the monoid of zero-sum sequences B(G). As usual, we
set U (G) = Up(B(G)) and pi(G) = pi(B(G)).

3. PROOF OF THEOREM [I.1]

Throughout this section, let G be a finite abelian group. If |G| < 2, then B(G) is factorial whence
pk(G) = k for every k € N. Clearly, D*(G) = 3 if and only if G is cyclic of order three or isomorphic to
Cy ® C5. In this case, Inequality is an equality, and in particular Theorem holds with k* = 1.
Thus for the remainder of this section we suppose that D*(G) > 4, and this implies that |G| > 4.

We introduce the main concept of the present paper.

Definition 3.1. Let A € B(G).

1. We say that A is pair-nice (with respect to G) if there is a factorization A =U; - ... - Ug, k € N

with the following properties
(a) Ul,. . .,UQk € A(G) with |U1‘ =...= |U2k| = D*(G),

(b) For all i € [1,2k], there is a g; € supp(U;) such that g; ... gay is a product of length 2 atoms.

2. We say that A is nice (with respect to G) if there is a factorization A = Uy - ... - Usgy1, kK € N
with the following properties

(a) Uy, .. .,U2k+1 S .A(G) with |U1‘ =...= |U2k+1| = D*(G),
(b) For all i € [1,2k + 1], there is a g; € supp(U;) such that one of the following holds:

(i) D*(GQ) is odd, A(gy - ... garr1)~ " is a product of length 2 atoms, and g; - ... gogr1 =

Wo-Wi-....-Wi_1, where |W0| =3, |W1| =...= |Wk,1| =2, and Wy,..., Wir_1 € A(G)

(i) D*(@) is even and there exists a gopio € supp (A(g1 - ... - gars1) ') such that A(gy -

oo Goks2) "t and g1 - ... gags2 are both products of length 2 atoms.

Suppose there exists a nice A € B(G), and let all notation be as in the above definition. Then

D*(G) D*(G)

2 2 ).
Thus, up to a small calculation (which will be done in the actual proof of Theorem , the assertion
of the theorem follows. Therefore the main task of the paper is to find nice elements. We do this for
groups of rank two (Lemma , for groups of rank three (Lemma , and then we put all together in
Lemma [3.5] Note, if G is cyclic of order greater than or equal to four, then there are no nice elements.
Furthermore, if A is nice or pair-nice, then 0 ¢ supp(A).

Our first lemma gathers some basic facts which we will use without further mention.

{2k +1,kD*(G) + | 1} CL(A) and hence pary1(G) > kD*(G) + |

Lemma 3.2. Let E, E; be pair-nice zero-sum sequences (with respect to G ). Suppose that X1, Xs, X3 €
A(G) are of length D*(G). Then
1. E- E; is pair-nice (with respect to G);
2. If D*(Q) is even and E - X1 is a product of length 2 atoms, then E - X1 is nice (with respect to G);
3. If D*(G) is odd and there exists a; € supp(X;) for each i € [1,3] such that ajasas € A(G) and
EX1X5X3(a1aza3)~t is a product of length 2 atoms, then EX; X2 X3 is nice (with respect to G).

Proof. Since E is pair-nice, we assume that E =Uj - ... Us, where k € N and Uy, ..., U € A(G) are
of length D*(G), and there exists g; € supp(U;) for each i € [1,2k] such that g1 - ... gax is a product of
length 2 atoms.
1. It is obvious by definition.
2. Since E- X7 and g; -. . .- gak are both products of length 2 atoms, we obtain that E(g -. . .~ggk)’1X1
is a product of length 2 atoms. Therefore there exist € supp(X;) and y € supp(E(g;-...-gox) 1)
such that zy € A(G). Tt follows that gy -...- gox - vy and EX1(g1 ... gar-2y) "' are both products
of length 2 atoms which implies that F - X7 is nice by D*(G) is even.
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3. Since EX; X2 X3(ajazaz)~! and g;-. . .-gai, are product of length 2 atoms, we have that EX; Xo X3(g;-
-ggkalagag)_l is a product of length 2 atoms. Moreover, ajasaz is an atom implies that
EX1X5X3 is nice by D*(G) is odd.
O

Lemma 3.3. Let G = C,, & Cyp with n > 1 and m € N. Then there exist a k* € N and atoms
Wi,...,Wak+11 € A(G) of length D*(G) such that Wy - ... Wagxy1 is nice.

Proof. Let (e1,e2) be a basis of G with ord(e;) = n and ord(ez) = mn. Then D*(G) = mn +n — 1.
Now set

U = et ((=1) e + (i + Dey) (1) ey —der) (1) es) ™
Vi = e ((<1)7Her + (5 + Dez) (174 e — jea) ((=1)Fer)"

Wj = (e1+e2)™ 1 ((=1) er + (5 + 1)(er +e2)) ((=1) " er —jier + 62)) (1) +e)"
where i € [0,n — 1] and j € [0,mn — 1]. Then |U;| = |V;| = |W;| = D*(G) and U;,V;, W, € A(G) for all
i€ [0,n—1], j€[0,mn—1].

We distinguish the following three cases.

Case 1: n is odd and m is even.

Let n = 2a + 1 with o > 1. Then m > 2 and D*(G) is even.

Since mn is even, let EFy = V- ... V,up—1 and hence Es is pair-nice. By calculation, we obtain that
Es e;(mn_l)mn is a product of length 2 atoms.

Let B3 =Vo-... - Vim—1yn—1Wim—1)n - - -- Winn—1 and hence Ej3 is pair-nice. By calculation, we obtain
-1
that E3 ( (mn—1)(m— 1)"(61 + eg)(mnfl)”> is a product of length 2 atoms.

Replacing the basis (e, e2) with (—eq,e2), we can construct a zero-sum sequence E similar with Fs

(mn—1)(m— 1)n( e +62)(mn71)n

-1
such that E% is pair-nice and Ef (e is a product of length 2 atoms.

Let X = el (e; +e2)% (61 —ea)® and Y = 5" !(ez — €1)(—e1)" 1. Then X and Y are atoms of
length D*(G). Since XY and X(—Y) are pair-nice, we obtain that
(mn—1)n

20 ppact1 /o (mn-l)n—1 (mn—ln-1 . . .
E' = E3“E{T (—ED*(-X)Y) = ((=X)(-Y)) = is pair-nice .
By calculation we have that (—X)E’ is a product of length 2 atoms. It follows that (—X)E’ is nice
by Lemma [3.2]2.

Case 2: n is odd and m is odd.
Then D*(G) is odd. Since n is odd, let O; = Uy - ... U,—1 and hence by calculation, we can obtain

-1
that Oy ( nin— )(—eg)m") is a product of length 2 atoms.

Since mn is odd, let Oy = V- ... Vipn_1 and hence by calculation, Oo (eém"_l)mn(—el)”) ' is a
product of length 2 atoms.

Replacing the basis (eq,e2) with (—ej,es), we can construct a zero-sum sequence O} similarly with
O; such that O] ((—el)”("_l)(—eg)m”)71 is a product of length 2 atoms. By the constructions of O
and O}, we can obtain that 0,0} is pair-nice and 010} (—e3) >™" is a product of length 2 atoms. We
denote 0101 by E.

Let X = (—e1)" 'e)™ *(eq — e1) and hence X is an atom of length D*(G). Therefore we let O =
0y~ 20, X B2 and hence O ((e3 — e1)e1(—ez)) ™" is a product of length 2 atoms.

Since OyU; is pair-nice for each i € [0,n — 1], we obtain that OF 201 (UylU;)~" is pair-nice and hence
O(UpU; X)L is pair-nice.

By (e2 —e1) € supp(X), —es € supp(Up), and e; € supp(U;), Lemma 3 implies that O is nice.
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Case 3: n is even.

Then D*(G) is odd. Since n is even, let By =Up - ...-U,_1 and hence F; is pair-nice and Elefn(nfl)
is a product of length 2 atoms. Let Es =V -... - Vinn—1 and hence Es is pair-nice and Ege;(mn_l)m" is
a product of length 2 atoms.

Let

X, :e?_legm_l(el + e2),
Xy =el"™ ey (eg + e2)%(ey —eg)2 7!,
Y ze?_l(—eg)mnfl(el —e3).

Then X;, X5, and Y are atoms of length D*(G). Since XY and X;(—Y") are both pair-nice, we obtain

that (X1Y) 2 (X1(=Y)) 2 (—E1)™(—E2) is pair-nice and
(X1Y) % (X1 (=Y)) %" (=E1))™(—E3)(e1 + e2) ™™ is product of length 2 atoms .

Replacing the basis (e1,es) with (ej,ea — e1), we can construct a zero-sum sequence E similarly such
that F is pair-nice and Fe, ™" is a product of length 2 atoms.
Then let B = (X1Y)2(X1(~Y))% (—FE1)(—E)" and hence E' is pair-nice and

E' ((e1 + e2)™(—e2)™) ™" is a product of length 2 atoms .

Similarly with E’, if we replace the basis (e, e3) with (e1, —e3), we can construct a zero-sum sequence
E" such that E” is pair-nice and

E" ((e1 — e2)™e?) ™" is a product of length 2 atoms .
n n n_1
2

Since XY and X3(—Y) are both pair-nice, we let E"” = (XoY )3 (X2(=Y))2 (—E)"(—E')% (-E")
and hence E"' is pair-nice and E"e]™ is a product of length 2 atoms. It follows that (—E)(—E"') is
pair-nice, (e1 + ez) € supp(X1), —ea € supp(Y’), —e1 € supp(—Y), and

X1Y(=Y)(=E)(—E") ((—e2)(—e1)(e1 + €2)) ™" is a product of length 2 atoms
which implies that XY (=Y )(—E)(—E"") is nice by Lemma [3.2]3. O

Lemma 3.4. Let G = Cp, ® Cp, B Cp, with 1 < ny|n2|nsg. Then there exist a k* € N and atoms
Wi, ..., Wars11 € A(G) of length D*(G) such that Wy - ...  Wagsy1 is nice.

Proof. Let (e1,ez,e3) be a basis of G with ord(e;) = ny, ord(e2) = ng, and ord(es) = n3. Then
D*(G) = ny + na + ng — 2. Denote

Xy = ey lep? T (—es)™ P er — e3)(e2 — ea),
Xy = el (—eg)™2 253 (e — ea)(e3 — ea),
X3 = (—e))™2ef2 el (—ey 4 ea)(—e1 + e3).
It is easy to see that X; is an atom of length D*(G) for each i € [1,3]. Thus
X1 X2 X5 (M eh?en*) ™ is a product of length 2 atoms .

If n; = ny = n3 =2, we have X1 X5X3 is a product of length 2 atoms and hence X7 X5 X3 is nice. Thus
we can assume ng > 4.
Denote

Xi = e (—ea) ey 2 (er + e3)(—ea + €3),
Xé = 6?1_1632_2(—63)713_1(61 + 62)(—63 + 62),

X = (—e1)" ?(—e2)™  (—e3)"* H(—e1 — e2)(—e1 — e3).
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Thus E; = X1 X X2 X, X3X} is pair-nice and Elef%l is a product of length 2 atoms. Similarly, we can
construct pair-nice zero-sum sequences Fy and Fs such that Eqey 2 and Eses 2n3 are both products of
length 2 atoms.

Set,
U, :6?1—1 ((71)i+163 + (Z+ 1)61) ((71)i+163 71‘61) ((71)i+163)n373 ((71)2#1(62 + 63)) ((71)24162)71271 :
Vj =e2 L ((—1)7 ey + (5 + D)ea) (1) es — jea) ((—1)71es)™ ™2 (1) (er + e3)) ((—1)1er)™

5 (1) e+ (0 D) ((=1)Fea — L) (-1 ea) ™™ (1 e e) (1) )™
VVl = if ng > 3 s

e5* ! (ex +1lea + (14 D)es) (e + (I + 1)ea — les) ez, ifny=ny =2,

where i € [0,n1 — 1], j € [0,n2 — 1], and [ € [0,n3 — 1]. It is easy to see that, V;, U;, W are all atoms of
length D*(G), where i € [0,n1 — 1], j € [0,ny — 1], and [ € [0, n3 — 1].

Now we distinguish the following four cases.

Case 1: n; is even.

Then D*(G) is even since 1 < nq | na | n3.

Since n; is even, we let B} =Up-...-Up, -1, By =Vo-...-Vpy—1, and Ef = Wy -...-W,,_1 and hence
E{, EY, and E% are pair-nice. Moreover E{efnl(nl*l), Eée;m(nrl), and Eée;n‘q’(nrl) are products of
length 2 atoms.

Therefore let By = B} (—Ey)® 1, Es = Ey(—E5) %!, and Eg = E4(—FE3)3 ', and hence Ey, Es, Eg
are pair-nice and Ege; ™', Esey"?, and Ege; "® are products of length 2 atoms.

It follows that O = E4E5Eg(—X1)(—X2)(—X3) is a product of length 2 atoms and E4Es Fg(—X1)(—X32)
is pair-nice. Then O is nice by Lemma [3.2]2.

Case 2: n; is odd, ny is even.
Then D*(G) is odd. Since n; is odd, we let O = Uy - ... - Uy,, -1 and hence OlUgl is pair-nice and

-1
O (egnrl)nl(—eg,)”g‘_l(—eg - 63)(—62)"2_1) is a product of length 2 atoms .

Since ng is even, we let Ef = Vo -...-V,,—1 and B} = Wy - ... - W,,_1 and hence E} and Ej are
pair-nice. Moreover Eée;ng(nrl) and Eée;n?’(nrl) are both products of length 2 atoms.

Therefore let E5 = Eé(—EQ)nTz_l and Fg = Eé(—Eg)nTs_l, and hence Es, Eg are pair-nice and Esey "
and Ege; "* are both products of length 2 atoms.

Let O = (—E1) o E5E¢01X1(—X1) and hence O (eges(—eq — 63))71 is a product of length 2 atoms.

Since (—eq — e3) € supp(Up), ez € supp(X1), es € supp(—X1), and O (Up X1 (—X1)) ™" is pair-nice, we
obtain that O is nice by Lemma [3.2]3.
Case 3: n; is odd, ns is odd, and ng is even.

Then D*(G) is even. Since n; is odd, we let O = Uy - ... - Uy,,—1 and hence Oanl is pair-nice and

—1
O (egm_l)m(fe;g)"rl(fez - 63)(*62)”271) is a product of length 2 atoms .

. : L —(ng—1)ng .
Since ng is even, we let Ef = Wy -...- Wy, _1 and hence E% is pair-nice and Ejeq (na=1ns 59 4 product

of length 2 atoms. Therefore Eg = E}(—FEs) = ~ is pair-nice and Ege;™ is a product of length 2 atoms.

Since ng > 3, we let
W/ =(e2 +e3)" " ((=1)Fea + (14 1)(e2 +ea)) (-1)F ez — Uea + e3)) ((-1)e2)

((_1)l+1(el + 62)) ((_1)l+1€1)n1—1 :
where [ € [0,n3 — 1]. Thus W/ is an atom of length D*(G) for each [ € [0, ng — 1].

’I’L273
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Let E7 = (W()Wl) I (an,nz,lW’ ) ..t (W7€372WI

s —Tn ns—1) and hence E7 is pair-nice and

—1
E; (egnrl)(nrm’)(ez + 63)(”3_1)"2) is a product of length 2 atoms .
(n3—1) (ng—Dna(ng—ng  (n3=Dna(ng=1)  (ng—1)ng(ng=1)

Therefore let O’ = Oy /" E7(—E) g E, Eq " and hence O’ is a
product of length 2 atoms and O'(Uy)~ ("3~ 172 is pair-nice.

Let Y = e teh> tels ™ (¢ 4-ep+e3) and hence Y is an atom of length D*(G). Since Y Uy and (—=Y)Uj
are both pair-nice, we obtain that Uén:‘_l)nz_l(Y(—Y))7@3712)“271 = (UpyY) (ra=tyma—t (UO(—Y))7@3712)“271
is pair-nice.
(n3—1)ng—1

It follows that O = O'(Y(=Y)) 2z is a product of length 2 atoms and

(ng—1)ng—1

OU; ! = O/ (Uy)~(ma=Lmz . UénS_l)nZ_l(Y(fY)) 2 is pair-nice.
Then O is nice by Lemma [3.2] 2.

Case 4: n; is odd, ns is odd, and n3 is odd.
Then D*(G) is odd. Since ng is odd, we let O3 = Wy - ... W,,,_1 and hence 03W0_1 is pair-nice and

-1
O3 (eém_l)":‘(—eg)”rl(—el - ez)(—el)”1*1> is a product of length 2 atoms |,

and hence

5—1

03(—E3)n32 X1 X0 X5 (6;36162(—61 — 62))71 is a product of length 2 atoms .

By (WoX1)(X2X3) is pair-nice, we have that 03(—E3)n3271X1X2X3 is pair-nice.
Similarly, if we replace the basis (e, €9, e3) with (—ej, —es, e1 + ea + e3), we can construct a zero-sum
sequence F such that E is pair-nice and

E ((e1 + e +e3)™(—e1)(—ez)(e1 + €)' is a product of length 2 atoms .
Let
Y —6n1_16n2_16n3_1(6 +
=€ 2 3 1+ex+es),
Vi =€t T (—er —ea)™ T (—e) ™ T (—en — e3),

and hence Y and Y7 are atoms of length D*(G).
Therefore let

(n;—1)ng (ng—1)ng (ng—1)

Oy =Y"™(=Ey) 7 (=Ep) = (-E3) 2z
0 =0,(¥i(~¥1))

(—B).

Then Oy(ey + e + e3) ™™ is a product of length 2 atoms and hence O (ejea(—e; — e3)) " is a product of
length 2 atoms. By calculation, we obtain that

nz—3

O(Y2Y)™L = 04(Y) ™ - (YY) ™ - (Y(=Y1)) ™ - (—E) is pair-nice,

Therefore e; € supp(Y), e2 € supp(Y), and —e; — e € supp(Y7) imply that O is nice by Lemma 3.
O

Lemma 3.5. Let G = Gy & Ga, where G1,Gy C G are noncyclic subgroups of G satisfying r(G) =
r(G1) + r(G2). Suppose that there exist k € N and atoms Uy, ..., Usr11 € A(G1) of length D*(G1) and
atoms Vi, ..., Vory1 € A(G2) of length D*(Gs) such that Uy - ... Usgy1 is nice (with respect to G1) and
Vi-...-Vagy1 is nice (with respect to Gy ). Then there exist atoms Wh, ..., Wary1 € A(G) of length D*(G)
such that Wy - ... - Wagy1 is nice (with respect to G).
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Proof. Without loss of generality, we can distinguish the following three cases.

Case 1. D*(G;) and D*(G2) are odd.

Since Uj - .. .- Usgyq is nice (with respect to G1), without loss of generality, we can assume that there
exist g; € supp(U;) for each ¢ € [1,2k + 1] such that o(g19293) = 0, g2; = —g2;41 for each j € [2, k], and
Up-...-Uspi1(gr- ... gars1) "' is a product of length 2 atoms.

With the same reason, we can assume that there exist h; € supp(V;) for each ¢ € [1,2k + 1] such that
o(hihahs) = 0, hgj = —hgj41 for each j € [2,k], and Vi - ... Vopqa(he - ... - hori1)~! is a product of
length 2 atoms.

Let W; = Uigjl . Vih;l - (g; + h;) for all i € [1,2k + 1]. Then W; is an atom over G of length
D*(G1) + D*(G2) — 1 = D*(@G), and

(gr+h1) - . (9241 + hok+1) =Zo-Z1 - . .- Zi—a

where ZO = (91 + h1)(92 + hz)(gg + hg) S A(G) and Zz = (ggi+2 + h2i+2)(g2i+3 + h2i+3) S A(G) for each
ielk—1],

1 _ _
Wi Wapga ((g1+ha) - o (gang1thons1)) = Ure o Usgr (910 - gorr1) " Viee o Vagga (haee o choggn)

is a product of atoms of length 2.

It follows that W7y - ... Wa11 is nice (with respect to G) by D*(G) is odd.

Case 2. D*(G;) and D*(G3) are even.

Since Uj - ... Usgy1 is nice (with respect to G1), without loss of generality, we can assume that there
exist g; € supp(U;) for each i € [1,2k + 1] and gop 1o € supp(Urg; ') such that g1 = —ga, gorr2 = —gs,
and ga2j = —gaj41 for each j € [2,k] and Uy ... Usgy1(g1 - - .. - gaks2) "' is a product of length 2 atoms.

With the same reason, we can assume that there exist h; € supp(V;) for each i € [1,2k + 1] and
h2k+2 S supp(Vlhl_l) such that h; = —hg, h2k+2 = —hg, and hgj = —]’L2j+1 for eachj (S [2, k] and
Vi Vaga1(hy - ... - hokyo) ™! is a product of atoms of length 2.

Let W; = Uig; ' - Vih; - (g; + hi) for all i € [4,2k + 1] and

Wi = Ui(g1g2kt2) " - Vahy ' - (g1 + h2) - Gors2
Wy = Usgy ' - Vi(hihorio) ™' - (g2 + hi) - hogio,
W3 = Usgy "~ Vahg ' - (g3 + hs) .
Then W; is an atom over G of length D*(G1) + D*(G2) — 1 = D*(G) for all i € [1,2k + 1]. It follows
that
Gok+2 - okt - (g3 +h3) - (ga+ha) ...~ (g2rt1 + hory1) = Zo - Z1 - Zi—a,s

Where Z() = 92k+2h2k+2(gg -+ hg) S A(G) and Zl = (92i+2 -+ h2i+2)(92i+3 -+ h2i+3) S A(G) fOI‘ eaCh
i€l k—1].

Moreover
-1
Wi Wapgr (92ks2 - harga - (93 + hs) - (94 + ha) - ... - (gars+1 + haks))
=U;-...- U2k+1(g1 e -ggk+2)_1 Vi ‘/ék+1(h1 e h2k+2)_1 . (g1 + h2)(gg + hl)

is a product of atoms of length 2.

Thus W7 - ... Wag1 is nice (with respect to G) by D*(G) is odd.

Case 3. D*(Gy) is even and D*(G3) is odd.

Since Uy - ... Usgy1 is nice (with respect to Gp) and D*(G1) is even, without loss of generality, we
can assume that there exist g; € supp(U;) for each i € [1,2k + 1] and gapy2 € supp(Uigy ') such that
g1 = —92, Gakt2 = —gs, and go; = —goj41 for each j € [2,k] and Uy - ...  Usgr1(g1 - ..~ Gokto) P is a

product of length 2 atoms.
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Since Vi - ... Vapyq is nice (with respect to G2) and D*(G2) is odd, without loss of generality, we can
assume that there exist h; € supp(V;) for each ¢ € [1, 2k + 1] such that o(hihohs) =0 and hgj = —hgj+1
for each j € [2,k] and V; ...  Vogy1(hy - ... hory1) ! is a product of length 2 atoms.

Let W; = Uig; ' - Vih; - (g; + hi) for all i € [4,2k + 1] and

W1 = Ur(g192k+2) " - Vihy' - (g1 — h2) - (gakso + ha + ha),
Wy =Usgy ' - Vahy" - (g2 + ha),
Wy = Usgy ' - Vahy' - (g3 + h3) .

Then W; is an atom over G of length D*(G;) + D*(G2) — 1 = D*(G) for all i € [1,2k + 1]. Tt follows
that

(91 — h2) - (g2kt2 + h1 + ha) - (g2 + h2) - (93 + h3) - (94 + ha) - ... - (G241 + hort1)

is a product of length 2 atoms and

—1
Wy Wagg ((91 — h2) - (gakt2 +h1 + ha) - (g2 + h2) - (g3 + h3) - (ga+ha) - ... - (gars1 + h2k+1)>
=Uy ... Usoy1(g1 - Gorg2) " Vie oo Vaggr(ha oo oo hogyr) ™!

is a product of length 2 atoms.
Thus W7 - ... Wag1 is nice (with respect to G) by D*(G) is even.
(]

Proof of Theorem [I.1l Let H be a Krull monoid with finite noncyeclic class group G such that every
class contains a prime divisor. By Propositionwe have pi(H) = pr(G) for every k € N. If G = Co®Cs,
then D*(G) = 3 and the assertion of the theorem follows from Inequality with k* = 1. Suppose that
D*(G) > 4. We start with the following assertion.

Assertion. There exist a k* € N and atoms Wy, ..., Waogs«41 over G of length D*(G) such that Wy - ... -
Wog+ 41 is nice (with respect to G).

Proof of Assertion. We proceed by induction on r(G).
If r(G) = 2 or 3, then the Assertion follows by Lemma[3.3]and [3.4 Assume that r(G) > 4 and suppose
that the Assertion is true for all groups of smaller rank. Let G = G; & Go with r(G;) = r — 2 and

r(Gy) = 2. Then by our assumption, there exist a k; € N and atoms Uy, ..., Usg, +1 over Gy of length
D*(G1) such that Uy - ... Usg, +1 is nice (with respect to G1). By Lemma there exist a ko € N and
atoms Vi,..., Vog,+1 over Gy of length D*(G3) such that Vi - ... Vg, 41 is nice (with respect to Ga).
Let k* = max(kq, ko). Without loss of generality, we can assume that k1 = k* > ko. Thus k; — ko
is even and hence V; - ... Vog, 41 - (Vi(=V1))*¥17*2 is nice (with respect to Go). Therefore the Assertion
follows by Lemma O(Proof of Assertion)

By the very definition of nice elements (and outlined in detail after Definition , it follows that

D*(G)J .

(3.1) par-11(G) > E*D*(G) + { 5
Let k > k*. Since pyr—p+)(G) = (k — k*)D(G) and Us(y—p+)(G) + Uap=11(G) € Uap41(G), it follows that

P2k+1(G) = p2(k—k+) (G) + p2r=+1(G) = (k — k*)D(G) + k*D*(G) + LD*QG)J .

If D(G) = D*(G), then the assertion follows from Inequality O
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