ON ELASTICITIES OF LOCALLY FINITELY GENERATED MONOIDS
QINGHAI ZHONG

ABSTRACT. Let H be a commutative and cancellative monoid. The elasticity p(a) of a non-unit a € H
is the supremum of m/n over all m,n for which there are factorizations of the form a = uj - ...  um =
V1 - ...-Un, where all u; and v; are irreducibles. The elasticity p(H) of H is the supremum over all p(a).
We establish a characterization, valid for finitely generated monoids, when every rational number g with
1 < g < p(H) can be realized as the elasticity of some element a € H. Furthermore, we derive results
of a similar flavor for locally finitely generated monoids (they include all Krull domains and orders in
Dedekind domains satisfying certain algebraic finiteness conditions) and for weakly Krull domains.

1. INTRODUCTION

In this paper, a monoid means a commutative cancellative semigroup with identity element
and the monoids we mainly have in mind are multiplicative monoids of nonzero elements of
domains. A monoid is said to be locally finitely generated if for every given element a there are
only finitely many irreducibles (up to associates) which divide some power of a. Krull domains
are locally finitely generated and more examples are given in Section [2| (see Examples .

Let H be a monoid and a € H. If a has a factorization into irreducibles, say a = uy - ... - ug,
then k is called a factorization length and the set L(a) C N of all possible factorization lengths
is called the set of lengths of a. For convenience we set L(a) = {0} if @ is a unit. The monoid H
is said to be a BF-monoid if every non-unit has a factorization into irreducibles and all sets of
lengths are finite. It is well-known that v-noetherian monoids are BF-monoids.

Suppose that H is a BF-monoid. The system L(H) = {L(a) | @ € H} of sets of lengths,
and all parameters controlling £(H), are a well-studied means to describe the non-uniqueness of
factorizations of BF-monoids. Besides distances of factorizations, elasticities belong to the main
parameters. For a finite set L C N, p(L) = max L/ min L denotes the elasticity of L and, for an
element a € H, the elasticity p(a) of a is the elasticity of its set of lengths. The elasticity p(H)
of H is the supremum of p(L) over all L € L(H).

Since the late 1980s various aspects of elasticities have found wide attention in the literature.
We refer to a survey by David F. Anderson [6] for work till 2000 and to [14} [15] 12 24) 11] for
a sample of papers in the last years. To mention some results explicitly, we recall that for every
r € R>y U {oo}, there is a Dedekind domain R with torsion class group such that p(R) = r
([]). A characterization of when the elasticity of finitely generated domains is finite is given
in [23]. The elasticity of C-monoids (they include wide classes of Mori domains with nontrivial
conductor) is rational or infinite ([20]).
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In [I3], Chapman et al. initiated the study of the set {p(L) | L € L(H)} C Q> of all
elasticities. We say that H is fully elastic if for every rational number ¢ with 1 < ¢ < p(H) there
is an L € L(H) such that p(L) = ¢. Monoids having accepted elasticity and having a prime
element are fully elastic ([9]), and it was shown only recently that all transfer Krull monoids (they
include Krull domains and wide classes of non-commutative Dedekind domains) are fully elastic
([21, Theorem 3.1]). On the other hand, strongly primary monoids (including one-dimensional
local Mori domains and numerical monoids) are not fully elastic (J20, Theorem 5.5]). Arithmetic
congruence monoids which are not fully elastic can be found in the survey [8].

Anderson and Pruis [7] studied, for every a € H, the quantities

~ .. minlL(a") «/ 5. maxL(a")
p«(a) = nh_}ngoT and p*(a) = nILIroloT

(see also [3]) and they conjectured these invariants are rational for Krull domains and for noether-
ian domains. This was confirmed in [16] for Krull domains and for various classes of noetherian
domains but is still open in general. In [I0], Baginski et al. introduced the concept of asymptotic
elasticities. For a € H \ H*,

pla) = lim p(a") = (@)

is the asymptotic elasticity of a, and
R(H)={p(a) |a€ H\ H*} C R>1 U {oo}

denotes the set of asymptotic elasticities of H. We say that H is asymptotic fully elastic if for
every rational number g with inf R(H) < ¢ < p(H) there is an a € H such that p(a) = g (note
that sup R(H) = p(H)). Now we can formulate our main results.

Theorem 1.1. Let H be a locally finitely generated monoid. Then H is asymptotic fully elastic
and if inf R(H) = 1, then H is fully elastic.

Every Krull monoid H is locally finitely generated with inf R(H) = 1 ([17, Proposition 2.7.8.3]
and [20, Lemma 5.4]). However, there are locally finitely generated monoids H with inf R(H) > 1
that are fully elastic (Example .

Theorem 1.2. Let H be a monoid such that Hyq is finitely generated and let v = inf R(H).
Then

{eeQfr<q<p(H)} C{p(L)|L € L(H)}

and r is the only possible limit point of the set {p(L) | L € L(H) and 1 < p(L) < r}. Moreover,
H is fully elastic if and only if r = 1.

In Section 2] we provide the required background. The proofs of Theorems[T.1]and [I.2] are given
in Section [3] and then in Section [4] we apply our results to v-noetherian weakly Krull monoids.
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2. BACKGROUND ON MONOIDS AND THEIR ARITHMETIC

Our notation and terminology are consistent with [I7]. Let N denote the set of positive integers
and No = NU {0}. For k € N, we denote by N> the set of all integers greater than or equal to
k and for a,b € Q, we denote by [a,b] = {x € Z | a < x < b} the discrete, finite interval between
a and b. For a finite subset L C N, we set p(L) = max L/ min L and p({0}) = 1. For subsets
A BCZ, A+ B={a+b|aec Abe B} denotes their sumset.

Monoids. Throughout this paper, a monoid means a commutative cancellative semigroup with
identity element, and we use multiplicative notation. If R is a domain, then its multiplicative
semigroup R®* = R\ {0} of nonzero elements is a monoid.

Let H be a monoid with identity element 1 = 1y € H. We denote by H* the unit group
of H, by Hyeq = H/H* = {aH* | a € H} the associated reduced monoid, and by q(H) the
quotient group of H. If H* = {1}, we say that H is reduced. Two elements a,b € H are said to
be associated if aH>* = bH*. A submonoid S C H is said to be

e saturated if a,b € S and a| i b implies that a| b ( equivalently, S = q(S)NH ).
e divisor-closed if a € S, b € H, and b | a implies that b € S.

If a € H, then
[a] ={be H|b]|a" for some n € N} C H

is the smallest divisor-closed submonoid of H containing a. An element u € H is said to be
irreducible (or an atom) if u ¢ H* and any equation of the form u = ab, with a,b € H, implies
that a € H* or b € H*. Let A(H) denote the set of atoms. For a set P, we denote by F(P) the
free abelian monoid with basis P. Then every a € F(P) has a unique representation of the form

a= H p*@  with vy(a) € Ng and vy(a) =0 for almost all p € P,
peEP

and we call |a|z¢p) = [a| = >_ cp vp(a) the length of a.
The monoid H is said to be

e atomic if every non-unit is a finite product of atoms.
e factorial if it is atomic and every atom is prime.

e finitely generated if it has a finite generating set (equivalently, H,.q and H* are both
finitely generated).

e locally finitely generated if for every a € H the monoid [a]yeq is finitely generated (equiv-
alently, there are only finitely many atoms (up to associates) dividing some power of a).

We gather some examples of locally finitely generated monoids.

Example 2.1.
1. Clearly, every monoid H having (up to associates) only finitely many atoms that are not
prime is locally finitely generated. Atomic domains, with almost all atoms being prime, are called
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generalized Cohen-Kaplansky domains and they were introduced in [2]. The monoid of integral
invertible ideals of a domain is finitely generated if and only if the domain is a Cohen-Kaplansky
domain ([5, Theorem 4.3]).

2. Saturated submonoids (whence, in particular, divisor-closed submonoids) and coproducts
of locally finitely generated monoids are locally finitely generated ([17, Proposition 2.7.8]). Thus,
Krull monoids are locally finitely generated.

3. Let R be a factorial domain. Then the ring of integer-valued polynomials is (in general) not
a Krull domain. But for every f € Int(R), the submonoid [f] C Int(R) is Krull ([25] Theorem
5.2]) whence Int(R) is locally finitely generated.

4. Let R be an order in a Dedekind domain, say R C R, where R is the integral closure of
R and R is a Dedekind domain. If the class group C(R) and the residue class ring R/(R: R) is
finite, and R has finite elasticity, then R is locally finitely generated (see [I7, Corollary 3.7.2]
and [I7, Theorem 3.7.1] for a more general result in the setting of weakly Krull domains).

Arithmetic of monoids. Ifa € H\H* and a = uy-...-u, where k € Nand uy,...,u; € A(H),
then k is a factorization length of a, and

L(a) = {k | k is a factorization length of a} C N
denotes the set of lengths of a. It is convenient to set L(a) = {0} for all « € H*. The family
L(H)={L(a)|a€ H}
is called the system of sets of lengths of H. The monoid H is said to be
e half-factorial if it is atomic and |L| = 1 for every L € L(H).
e a BF-monoid if it is atomic and L is finite for every L € L(H).

Clearly, every factorial monoid is half-factorial (but not conversely) and every v-noetherian
monoid is a BF-monoid ([I7, Theorem 2.2.9]). Let H be a BF-monoid. The elasticity p(a)
of an element a € H is defined as the elasticity of its set of lengths whence

max L(a)

pla) = plLia)) = LT

and the supremum
p(H) = sup{p(L) | L € L(H)} € Rs; U{oc}

denotes the elasticity of H. The monoid H

e has accepted elasticity if there is some L € L(H) such that p(L) = p(H).

e is fully elastic if for every ¢ € Q with 1 < g < p(H) there is some L € L£(H) such that
p(L) = q.
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The asymptotic elasticity p(a) of an element a € H \ H* is defined as

p(a) = lim p(a™) (note that the limit exists by [I7, Theorem 3.8.1]),

n—oo

and
R(H) = {p(a) |a € H\ H*} C R>1 U {00}

denotes the set of asymptotic elasticities. We conclude this section with a technical lemma.

Lemma 2.2. Letn € N and a1,...,a, € N be positive integers. If there exist x1,...,x, € Ny

and t > 2 such that a1x1 + ...+ apxy = tay-...-ay, then there exist x}, € [0,z;], for alli € [1,n],
such that

a4+ ..t apx, =ar-...ap.
In particular, there exist xgj) € [0,zi], for alli € [1,n] and j € [1,t], such that } ;e 4 (j) =
for every i € [1,n] and 3_;cpy aiml(.j) =ay-... ay for every j € [1,t].

Proof. The assertion is obvious for n = 1. If n = 2, then a1x1 > ai1a9 or asxy > ajas whence the
assertion follows immediately. Suppose that n > 3 and distinguish two cases.

Case 1. min{ay,...,ay} > 2.
After renumbering if necessary we assume that ayx; > mlT“" Then

2a0 ... ay S 2"t min{as, ..., a,}

(2.1) x> > min{ag,...,a,}.

n n

For each i € [2,n], we set x; = y;a1 + r; with r; € [0,a1 — 1]. Then

agre + ...+ apry < (a1 —)(ag+...+ay) <ay-...-ap.
Therefore aj(x1 4+ y2a2 + ...+ ypan) > tar ... ayp—ay-...-ap > ai-...-a, which implies that
T+ Yyoa2+ ... +Ynap > ag ... ay.
If ypag + ...+ ynan < ag-...-an, then there exists 2} € [0, z1] such that 2} + yaa2 +. .. + ypan =
as-...-ap and hence a1 + agy2a1 +. ..+ apynar = a1-...-an. L yoas+...+ypan > az-... an,

then we can choose y} € [0,y;] for each ¢ € [2,n] such that
0<ay...an— (Yhas + ...+ y,han) < min{az,...,a,} < 7.

Thus there exists ) € [0,21] such that 2} + yhas + ...y,an = a2 - ... a, and hence a1z} +
agyhar + ... Fapyhar =aj - ... ap.

Case 2. min{ay,...,a,} = 1.
After renumbering if necessary we assume that there exists 7 € [1,n] such that a; = a,;41 =
L= =landa > 2foralli e [l,7—1. fa,+...+xy, >ar-...-ap or 7 < 2
then the assertion follows immediately. Suppose 7 = 3. Then a1r1 +asre + 3+ ...+ 28 =
taras > 2a1a9. If a1x1 > ajas or asag > asxs, then we are done. Otherwise a1x1 < aiag and
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arx1+x3+...+x, > arap. We choose z} € [0,z;] for alli € [3,n] such that Y " ;2 = ajas—ai21.

Then a1z + Y 1 5%, =aias =ay - ... ay.
Now we assume that 7 >3 and z+ ... +x, <a1-...-an
Case 2.1. ml'%%gmf—l—...—i—xn<a1-...-an.
Thus
2a1...a 27 'min{ay,...,a,— .
Tr+ ... +x, > 17_ T > {i i 1}2mln{al,...,aT,l}.
and aix1+ ...+ A 1T 1>Q1 ... Q.
We choose z; € [0, z;] for each i € [1,7 — 1] such that
0<ay ... ap— (@12} + ...+ ar—12, ;) <minfar,...,a, 1} <xr + ...+ 2.
Therefore we choose z; € [0, ;] for each i € [T + 1,n] such that 2/ + ...+ 2}, =a1-... ap —
(ar2y + ...+ ar—12l ). It follows that a1z] + ...+ apzl, = a1 ... ap.

Case 2.2. ““7“” >Tr+ ...+ Ty
Then there must exist j € [1,7 — 1] such that ajz; >
implies that

7““';"“", say ajxrip > 7"/‘”';"‘“‘, which

2772

tas...ar_q < min{ai,...,ar_1}

T > > min{ay,...,a,—1}.

T - T

For each ¢ € [2,7 — 1], we set z; = y;a1 + r; with r; € [0,a1 — 1]. Then

agry + ...t ar—1rr—1 < (a1 —1)(ag+...+ar—1) <ay-...-ar_1=ay-...-ap.
Therefore
ar(x1 +y202+ ...+ Yr—10r-1)+xr+ .oty >tay A —a1 A A Ay
Suppose that a1(x1 + yaa2 + ... + yr—1a7-1) < a1 - ... a,. Then we can choose | = 1,

x, = a1y, for all i € [2,7 — 1], and 2} € [0, 2] for all i € [7,n] with

n

Z.’E; =ay-...-ap—a1(zr1 + Y202+ ... Fyr—1a,-1) € [Lizr + ...+ 2] .
=T
It follows that a1z} +...anx), = a1 - ... an.
Suppose that aj(z1 +y2a2+. ..+ Yr—107-1) > a1-...-an. Hygao+...+yr—10,-1 < ag-...-an,
then there exists x| € [0,2z1] such that x| + yaa2 + ... + yr—1a,—1 = az - ... - a, and hence
ala:’l 4+ asy201 + ...+ Qr_1Yr—101 = a1+ ... Qn. If yoao + ... +y;—10,-1 > as - ... ay, then we

can choose y; € [0,y;] for each i € [2,7 — 1] such that

0<ag:...-ap— (vhas + ... +y._qar—1) <min{ag,...,ar—1} < 7.
Thus there exists z}] € [0,21] such that 2} + yhas + ... + ¥, _ja,—1 = a2 - ... a, and hence
a1z + agyhar + ...+ ar_1y-_ja1 =ai-...-ap.

The in particular statement follows by induction on t. O
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3. LOCALLY FINITELY GENERATED MONOIDS

In this section we prove Theorems and formulated in the Introduction. We start with
a series of lemmas.

Lemma 3.1. Let H be a monoid such that H..q is finitely generated.

1. For every a € H\ H*, there exists N = N(a) € N such that p(a'™N) = p(a’) for every
t € N and p(a) = p(a®).

2. R(H) = {p(a) | a € H\ H* with the property that p(a') = p(a) for all t € N}.
3. There exists a € H such that p(a) = p(H) = sup R(H).
4. There exists an atom b € A(H) such that lim,_,o p(b") = inf R(H).

Proof. 1. This follows immediately by [I7, Theorem 3.8.1].

2. This follows from the definition and from 1.

3. It follows from [I7, Theorem 3.1.4] that H has accepted elasticity. Let a € H \ H* with
p(a) = p(H). Then lim,_, p(a™) = p(H) = sup R(H).

4. If a € H\ H* is not an atom, then a = uy - ... - uy where ¢ > 2 and w; € A(H). Let
N € N such that lim, 0 p(a®) = p(a?) and lim, . p(ul) = p(ul¥) for every i € [1,¢]. Then
p(a™) > min{p(ul¥)] | i € [1,€]}. Tt follows by A(H) is finite that

inf R(H) = inf {nh_{go p(u") | ue .A(H)} = min {nh_{rgo p(u") | ue .A(H)} . O

Definition 3.2. Let H be an atomic monoid and let a,b € H \ H*. We say the pair (k,¢) €
N2\ {(0,0)} is nice with respect to (a,b) if for every t € N

max L((a®b9)!) = tmaxL(a®b?) and  minL((a*b*)!) = tminL(a*b?).

It is easy to check that (k,£) is nice if and only if p((a®b®)*) = p(a*b®) for all t € N.

Lemma 3.3. Let H be an atomic monoid, a,b € H\ H*, and let (k,¢) € N3\ {(0,0)} be a nice
pair with respect to (a,b).

1. (tk,tl) is a nice pair with respect to (a,b) for each t € N.
2. p(a*d’) € R(H).

3. For every x € Q with x > 0, there exists a nice pair (k', ") with respect to (a,b) such that
'k = x, where k' € N and ¢’ € Ny.

Proof. 1. 1t is obvious by definition.

2. It follows immediately by Lemma [3.1}2.

3. Let x € Q with x > 0 and let m,n € Ny such that x = m/n. Then 0" € H\ H*. It
follows by Lemma 1 that there exists N € N such that p((a™™bV™)!) = p(a’N™bN") for all
t € N. Therefore (Nm, Nn) is a nice pair with respect to (a,b) such that Nm/Nn = x. O
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Proposition 3.4. Let H be a monoid such that Hy..q is finitely generated and min R(H) <
max R(H). Let ¢ € H with lim,,_, p(c") = max R(H) and let b € A(H) with lim,_,o p(b") =
min R(H).

1. There exists M € N satisfying that for every k € N and every £ € Ny, there exist
Or,... 0, € Z with {1+ ...+l = ¢ and all ™Mb € H such that

k
max L(*Mpf) = Z max L(cMp%)  and min L(*Mp) = Z min L (M%)
i=1

2. Seta=cM. Let (k,¢) € N2\{(0,0)} be a nice pair with respect to (a,b) and let 1, ..., € €
Z with 01 + ...+ 0, = £ and all ab® € H such that

max L( kbe Z max L( abti ) and min L( kbe Z min L( abz

(a) For distinct i1,12 € [1,k] and any t1,t2 € No, we have

max L((ab®)" (ab%2)"2) = t; max L(ab’1) 4 to max L(ab%2),
and  minL((ab% )" (ab%2)!2) = t; min L(ab% ) + to min L(ab%?2) .
In particular, (1,4;) is a nice pair with respect to (a,b) for each i € [1,k].
(b) Let T be the mazimal non-negative integer £ such that p(L(ab®)) = p(L(a)). If¢/k > T,
then £; > T for every j € [1,k].

3. Let I be the set of all t € N>, such that (1,t) is a nice pair respect to (a,b).
(a) I is infinite.
(b) Suppose I = {t1,t2,...} C No; with 7 =11 < t2 < .... Then p(abi) > p(ab'i+) for
all j € N and lim;_, p(ab®) = inf R(H).

4. Leti € N, let z € Q with t; < x < tiy1, and let k, £ € N with {/k = x be such that (k, () is
a nice pair with respect to (a,b). Then

(tix1 — ) max L(abti+1) + (x — t;) max L(ab%)

kpt
b*) = .
pla’t) (tiy1 — x) min L(abt+1) 4+ (x — t;) min L(ab?)

5. R(H)={qecQ|infR(H) <q<supR(H)}.

Proof. We may assume that H is reduced. We denote by Z(H) := F(A(H)) the factorization
monoid of H and by 7w : Z(H) — H the factorization homomorphism. If z € Z(H), then
2| = |2| F(a(rr)) denotes the length of 2.

1. Assume to the contrary that there exists n € N such that ¢|b™. Then 0" = cd for some
d € H\ H*. Let N € N such that lim,, o p(c™) = p(cV), limy, 00 p(b™) = p(b™Y), and
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limy,— 00 p(d ) =
that p(b"V) = p(d
Let

p(d™). Thus p(b™Y) > min{p(d™), p(c™)} > p(d) > p(b™Y) which implies
d™V) = p(c"), a contradiction. Thus ¢ [ b" for every n € N.

Ho = {(z,y) € Z(H) x Z(H) | 7(z) = 7(y) = *b* € H for some k € Ny and some ¢ € Z} .

Then Hj is a saturated submonoid of Z(H) x Z(H). Since H is finitely generated, it follows by
[17, Proposition 2.7.5] that Hy is finitely generated.

Suppose A(Hp) = {(x1,%1), ..., (z¢,y:)} with m(z;) = 7(y;) = cFib% € H for each i € [1,1],
where t € Ny ky,...,k € Ng and ¢4,...,¢, € Z. Note that (b,b) € Hp is an atom of Hy. We
obtain that min{ki,...,k:} = 0. After renumbering if necessary, we assume that there exists
to € [1,¢] such that k; > 1 for all ¢ € [1,¢o] and k; = 0 for all i € [to,t].

Let M =[], k; and let k € N, £ € Ng. We choose (z,y) € Z(H) x Z(H) with 7(z) = 7(y) =
Myt such that |z| = min L(c*MbY) and |y| = max L(cFMbt).

Suppose (x,y) = [1iy(wi,4:)", where v; € No. If v; # 0, then |z;| = minL(c®b%) and
;] = max L(c¥b%). Therefore

t

t
max L(*Mpt) = Z vilyi| = Z v max L(cFiph),

i=1 i=1
t t
min L(cFMp) = Z vilx;| = Z v; min L(cFip%)
i=1 i=1

t t
Z /ﬂvi =kM and Z&Uz =/.
i=1 =1

Since
to t to
KM =k ][k = viki =Y viki,
i=1 i=1 i=1
it follows by Lemmathat there exist $(j ) € [0,v;],7 € [1,10],7 € [1, k] such that Z] T ZJ ) —

for every i € [1,to] and 10 Wk = M for every j € [1,k]. Let

= ngl)& + Z vil;
=1 i=to+1
to ]
and /= Zazgj)fz for every j € [2, k]
i=1

Then £} + ...+ &, => ' vil; = £ and

k t
max L(c"Mp) > Z max L(cMb%) > Z v; max L(cFib%) = max L(cFMb?),
j=1 i=1

k t
min L(*Mpf) < Z min L(chZ;') < Z v; max L(cFb%) = min L(*Mbf) .
j=1 i=1
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2. (a) Without loss of generality, we assume that i1 = 1 and is = 2. Let t = max{t1,t2}.
Then

k
t Z max L(ab%) = max L((a*b%)")

k
> max L((ab™)" (ab?)™) + (t — t1) max L(ab™?) + (t — t2) max L(ab®?) + ¢ Z max L(ab%)
=3

k
>t Z max L(ab%) .
j=1
It follows that
max L((abz1 e (ab£2)t2) = t; max L(ab®) + t, max L(ab®?).

By the similar argument, we can obtain

min L((abel)t1 (abb)@) =ty min L(ab™) + to min L(ab®).

(b) Suppose ¢/k > 7. Since Zle ¢; = £ > T, there exists some i € [1, k], say ¢ = 1, such that
¢1 > 7. Thus p(L(ab®)) < p(L(a)) by the definition of 7.
Assume to the contrary that there exists some i € [1, k], say i = 2, such that ¢, < 7. Then

p(L(a)) = p(L(ad7)) = P(L((abT)Zré?))

max L(all1—t2)p7(t1—L2))

min L(a(f1—t2)p7((r—L2))

max L ((ab)7~2(ab’2)177)

min L ((ab®)742(abl2)01—7)

_ (0 — 7) max L(ab’?) + (1 — £3) max L(ab™)
(¢4 — 7) min L(ab’?) + (7 — ¢3) min L(ab®)

< p(L(a)),

a contradiction.

3. (a) Assume to the contrary that I is finite. Let 7 = max [ and let k,¢ € N with ¢/k > r > 7
such that (k,¢) is a nice pair with respect to (a,b). Then there exist ¢1,0s,...,0; € Z with
b1+ ...+ ¥ =L and

max L( kb[ Z max L( ab) and min L( kbg Z min L abg

It follows by Lemma 2 that ¢; > 7 and ¢; € I for all i € [1,k]. Since Ele l; = £ > kr, there
exists some i € [1,k|, say ¢ = 1, such that ¢; > r. We obtain a contradiction to ¢; € I and
max ] = r.
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(b) Let I = {t1,t2,...} with 7 =tp <3 < .... For every i € N, we have that
p(L(ab")) = p(L((ab")"+17")) = p(L((ab" )1 7" (abl+1) "))
(tiv1 — t;) max L(abt) + (t; — t1) max L(abli+1)
(tix1 — t;) minL(abtt) + (¢; — t1) min L(abti+1)
> min{p(L(ab)), p(L(abh+))}
— p(Lab1))

In order to show lim;_o p(abld) = inf R(H), we prove that limy_,, p(ab’) = inf R(H).
Note that a o™ for any n € N. Let

Y

Hy = {(x,y) € Z(H) x Z(H) | n(z) = n(y) = a*b* € H for some k € Ny and some £ € Z} .

Then H; is a saturated submonoid of Z(H) x Z(H). Since H is finitely generated, we obtain H;
is finitely generated. Suppose A(H1) = {(z1,v1),.-., (xs,y:)} with 7(z;) = 7(y;) = d¥b% € H
for each ¢ € [1,t], where t € N, ky,...,k € Ny and ¢1,...,¢; € Z. Since (21, 22) € A(H;) for any
21,22 € z(a), we have that there exists i € [1,t] such that k; = 1. Let lyax = max{¥¢; | k; = 1}
and gmin = mm{& ‘ kz = 1}

For every £ > fmax, we let (z,y) € Hy with 7(z) = ab® such that |z| = minL(ab’) and
ly| = maxL(ab’). Suppose (x,y) = [['_, (i, y:)", where all v; € Ng. Therefore 1 = S¢_, kv;
and ¢ = l;v;. Tt follows that there exists £/ € [(rin, fmax] Such that

max L(ab®) = max L(ab") + max L(6**) < max L(ab"™>) + max L (b~ tmin)
min L(ab’) = min L(ab®) + min L(**) > min L(ab®n) + min L(b*‘max)
Z Hlln L(abgmin) + min L(be_emin) _ mln L(bzmax_émin)
If follows that

max L(ab‘maee) + max L(b¢~Fmin)
min L(abfmin) — min L(bfmaz—lmin) + min L(b¢—tmin) °

p(b°) < plab’) <

Since

i max L(ab’mes) + max L(b*fmin) . M
(S50 Tin L(abfmin) — min L(bbmaz—lmin) 4+ min L(b¢—bmin) e in L (bf—"Fmin)

=inf R(H),

we obtain that limy_,«, p(ab’) = inf R(H).

4. Let j € Nand z € Q with ¢; < x < tj;1. There exist k,¢ € N with ¢/k = x such that (k,¢)
is a nice pair with respect to (a,b). We fix such a pair. Then for any t € N, (tk, /) is a nice pair
with respect to (a,b). By 1. and 2.b., we choose {1, ..., ¢y € N>, with Zfil l; =t and

tk
max L(a'*b') = Z max L(ab%) and min L(a™*b'*) = Z min L(ab%)
=1

such that
Cy = |I'Nmin{4; | i € [1,tk]}, max{¢; | i € [1,tk]}]|
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is minimal. Let N € N such that Cy = min{C; | t € N} and ¢4,..., ¢y are the corresponding
non-negative integers. It follows by Lemma 3.a that ¢; € I for all ¢ € [1, Nk].

Without loss of generality, we let {; = max{¢; | i € [1, Nk]} and 2 = min{¥¢; | i € [1, Nk]}.
Assume to the contrary that Cy > 3. Then there is a y € I such that o < y < ¢1. Let
S =¥y -...-Lyy be the sequence over N>, . If vp, (S)(41 — y) < vy, (S)(y — £2), then we choose
0 E,Nk(y ) — E(y e (a6 y)y(gl ~t)vey (5) HNk fy % and hence ZNky b)ﬂ’ =
N{(y — ¢3). Since

(01 — fo) max L(ab?) = max L((ab?)1 %) =

max L((ab®)Y=%2(ab®)17Y) = (y — £3) max L(ab®) + (£, — y) max L(ab’?)
and

(41 — f2) minL(ab?) = min L((aby)el_ZQ) =
min L((abfl)y éz(abéz)h Y) = (y — f) min L(abel) + (1 — y) min L(ab@),

we have
Nk Nk(y—£2)
max L(aVEW—)pN=2)) — (4 — ) Z max L(ab%) = Z max L(ab%)
i=1 i=1
Nk Nk(y—¢t2)
min L(aNFWIpN=0)) — (y — 1y) Z min L (ab®) Z min L(ab%) .

=1

But Cn(y—s,) < Cn, a contradiction to the minimality of Cn. If vp, (S)(f1 —y) > v, (S)(y — £2),
then we can get a contradiction similarly.
Therefore Cny < 2. Note that

SSNEe
ly = min{¢; | i € [1, Nk]} < Nji :%Smax{ﬁihe[l,l\fk]}:ﬁl.

If ¢4 = {5, then ¢/k = {1, a contradiction to t; < £/k < tj41. Thus we get that ¢y < {/k < (1.
Since t; is the maximal element of I that is smaller than ¢/k and t;4 is the minimal element of
I that is larger than ¢/k, we obtain that ¢y < t; < tj41 < {1 whence {t;,tj11} C Ins N [l2, 41].
Since Cy < 2 and {¢; | i € [1, Nk]} C I N [l2,¥1], it follows that

(3.1) {& ‘ 1€ [1,Nk‘]} =IN [ﬁg,el] = {tj,tj+1}.

Then
iy max L)
min L(aNkpNE)
B Zf\;kl max L (ab%)
SV min L(abt)
_ xpmaxL(ab) + zo max L(ablitt)
~ zyminL(abb) + xominL(abli+1)

pla
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where by
z1=[{ie[1,Nk|| ¢ =t;}| and xzo=|{i€[l,Nk] |l =tj11}].
Comparing exponents of a and b we obtain the equations
x1tj + xotjy1 = N¢ and x1 +x2 = Nk

whence

(1,39) = <(l<:tj+1 ~ON (z—mj)N> |

tirn =ty 7 =

Plugging in this expression for (x1,22) we obtain that

(ktjs1 — ¢) max L(ab%) + (¢ — kt;) max L(abl+1)
(ktj+1 — ) minL(ab%) + (¢ — kt;) min L(abl+1)
_ (tj31 — x) maxL(ab®) + (x — t;) max L(ab'i+1)

"~ (tj41 — z)minL(ab¥) + (x — t;) min L(abbi+1)

p(a*d’) = p(a™* A" =

5. It follows by Lemma [3.1}2 that R(H) C {¢ € Q | inf R(H) < ¢ <sup R(H)}.

By 3., we know that p(ab®) € R(H) for each j € N and p(H) € R(H). If suffices to prove
that {g € Q | p(abli+1) < ¢ < p(ab®))} C R(H).

By 4., we obtain that for each j € N,

{a€ Q] plab+1) < q < p(ad"))}
B { (tj+1 — z) max L(ab%) + (z — t;) max L(abli+1)
(tj+1 — z) minL(ab¥) + (z — t;) min L(abli+1)
c{p(a®v®) | (K, 0) is a nice pair with respcet to (a,b) such that t; < £/k < tji1}
CR(H). O

]me@andtj<:c<tj+1}

Proof of Theorem [1.1 Su[)l)ose that H is a locally finitely generated monoid. For every
q € Q with sup R(H) > q > inf R(H), there exist a,b € H \ H* such that lim,_, p(a™) > ¢ >
limy, 00 p(0").

Let S = [ab]. Then S,eq is finitely generated. It follows by Proposition 5 that

qe {p € Q| lim p(a") > p> lim p(b")} c R(S) c R(H).

Therefore H is asymptotic fully elastic.
If min R(H) = 1, then it follows by Proposition 5 and Lemma 2 that

R(H)={qeQ|1<q<pH)} C{p(L)|LeL(H)}.

Therefore H is fully elastic. g
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Proof of Theorem [1.2 Without restriction we may suppose that H is reduced and we set
A(H) = {u1,...,up}. Proposition [3.45 and Lemma [3.1]2 imply that

R(H) = {g€ Q|1 <q< p(H)}  {p(L) | L€ L(H)}.
Thus it remains to prove that, for a given € > 0, the set
{p(L) | L€ L(H)and 1 < p(L) <r —¢€}

is finite. Assume to the contrary that this set is infinite. Then there is a sequence (ay)5>, with

elements from H such that 1 < p(ay) < r — € and (p(ax))z, is strictly increasing or decreasing.
(1) (m)
For each k, we fixed a factorization z = ui’“ «.uk of ay with |zk| = minL(ag). Let I C [1,m]

be the set of all ¢ € [1,m] such that {t,(:) | k € N} is finite and let M € N such that t,(;) <M
for all k € N and i € I. For each j € [1,m] \ I, let p; = lim;, oo p(u]) and let N € N such that
pj = p(ujv) forall j € [1,m]\ 1. Then for all k > N, we have max L(u?) = kp; for all j € [1,m|\ 1
by the minimality of |z| and {t](cj )} is infinity.

It follows that ,
Zje[l,m]\l ti(c])/)j

M(m— 1) + e £

plax) >

and hence )
icllm Y pi
lim p(ar) > lim 2Zjetmn k(j)j >r
k—o00 k—o0 Zje[l,m]\l tk
a contradiction. O

Proposition 3.5. If (H;)en is a family of BF-monoids with the same elasticity, then their
coproduct |52, H; is fully elastic.

Proof. Let H =[[;2, H; and r = p(H1). It is clear that p(H) > r. Let a € H. Then there exist
a finite subset I C N and b; € H; for each ¢ € I such that a = Hie 1 bi. Therefore

L(a) =) L(b;)
el
and hence
(a) = max L(b;)
PAY = iin L(b;)
It follows that p(H) = r.

Let ¢ =7 € Q with 1 < ¢ < p(H), where m,n € N. Then for each i € N, there exists a; € H;
such that p(a;) = ZL—Z > q, where m;,n; € N. There exist d € [0, —n — 1] and J C N with
|J| = m —n such that m; —n; = d (mod m — n). Therefore m —n| >, ;(m; — n;). Since
2jea ™y
2 jer i

<max{p(b;) |iel} <r.

> 7, we have

. aneij - ijeJnj B aneJ(mJ —nj) = (m—n) Zjejnj N
- m—n - m—n )
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T My

It follows that ¢ = XS Sy
Let J1 € N with |J1] = =, /1N J = 0 and let ¢; € A(H;) for each i € J;. Therefore

P(ITjes b [Lies, i) = % = ¢ and hence H is fully elastic. 0
JjE

Example 3.6. Let H be a finitely generated monoid with min R(H) = r > 1 (Note that
numerical monoids, distinct from (Ng, +), have this property and they are not fully elastic).
Then the coproduct H* = [[;2, H;, with H; = H for all i € N, is locally finitely generated. Since
inf R(H*) = inf{min R(H;) | i € N}, it follows that min R(H*) = r. By Proposition we infer
that H* is fully elastic.

4. WEAKLY KRULL MONOIDS

Let H be a monoid. We denote by X(H) the set of minimal nonempty prime s-ideals of H,
and by m = H \ H* the maximal s-ideal. Let Z(H) denote the monoid of v-invertible v-ideals
of H (with v-multiplication). Then F,(H)* = q(Z;(H)) is the quotient group of fractional v-
invertible v-ideals, and C,(H) = F,(H)*/{zH | © € q(H)} is the v-class group of H (detailed
presentations of ideal theory in commutative monoids can be found in [22, [I7]).

We denote by

e H = {a € q(H) | there exists ¢ € H such that ca™ € H for all n € N} the completely
integral closure of H,

o (H:H)={x€q(H)|zH C H} C H the conductor of H, and

e H' = {a € q(H) | there exists N € N such that " € H for all n > N} the seminormal
closure of H.

We say H is completely integrally closed if H = H and H is seminormal if H' = H.

To start with the local case, we recall that H is said to be

primary if m # () and for all a,b € m there is an n € N such that b" C aH.

strongly primary if m # () and for every a € m there is an n € N such that m" C aH. We
denote by M(a) the smallest n having this property.

finitely primary if there exist s, € N such that H is a submonoid of a factorial monoid
F=F*x|[q,...,qs) with s pairwise non-associated primes q¢i, ..., qs satisfying

H\H*Cq-...-qsF and (q1 - ... - qs)*F C H.

a discrete valuation monoid if it is primary and contains a prime element (equivalently,
Hred = (N07+))

Every strongly primary monoid is a primary BF-monoid ([I7, Section 2.7]). If H is finitely
primary, then H is strongly primary, F = H, |X(H)| = s is called the rank of H, and H is
seminormal if and only if

H=H*Ugq ... q¢F.
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Theorem 4.1. Let H be a strongly primary monoid that is not half-factorial.

1. H is asymptotic fully elastic. More precisely, R(H) = {p(H)}.
2. p(H) is the only limit point of the set {p(L) | L € L(H)}.

3. If H is a seminormal finitely primary monoid with rank > 2, then {p(L) | L € L(H)} =
{5 |n € Nxa}.

Proof. We start with the following claim.

Claim A. Let (a;)?2, be a sequence with a € H such that limj_,o, maxL(ay) = co. Then
liminfy_,o0 p(ag) > p(H).

Proof of Claim A. Let b € H\ H*. By definition, for each k € N, there exists n; € N such
that b™ |ay and ™+ { ap. Suppose ap = b by for each k € N, where by € H. Since H is

strongly primary, we infer that maxL(by) < M(a). It follows by limj_,. maxL(ax) = oo that
limy_, o ng = co. Therefore

ng max L(b) + maxL(bg) _ ngmaxL(b) + M(a)
plar) = ng,min L(b) + min L(bg) = ngmin L(b) + M(a)

and hence liminfy_, p(ax) > p(b). The assertion follows immediately. O[End of Claim A.]

1. We only need to prove R(H) C {p(H)}. Let a € H\ H*. Then lim,_,,, maxL(a*) = co. By
Claim A., p(a) = lim_.o p(a®) > p(H). Tt follows by sup R(H) < p(H) that R(H) = {p(H)}.

2. Assume to the contrary that there is another limit point € R with 1 <r < p(H). Then
there exists a sequence (ag)?2, such that limy_,o p(ar) = r and limy_,oo maxL(ay) = oco. It
follows by Claim A. that r = limy_, p(ax) > p(H), a contradiction to r < p(H).

~

3. Let H be a seminormal finitely primary monoid with rank r > 2. Then H = H*Uq-. . .-.qsH,

where ¢1,..., s are s pairwise non-associated primes of H.
Let a € H. If a is an atom or a unit, then p(a) =1 = % Otherwise a = eq]f1 Caes qfs with
ec€ H* and ky,..., ks € N>g. Since q1q§271 -o..-q¥ 1 and eqlflflqg -...-qs are atoms, it follows

that 2 € L(a) and p(a) = 229 Thus {p(L) | L € L(H)} C {% | n € Nxa}.

Let n € N>y and a = (g1 - ... - ¢s)". Then minl(a) = 2 and maxL(a) = n which imply that
p(a) = 5. Therefore {p(L) | L € L(H)} = {5 | n € Nx2}. O

We say H is weakly Krull ([22, Corollary 22.5]) if H = (\,cx(s) Hy and {p € X(H) | a € p}
is finite for all @ € H and H is weakly factorial if one of the following equivalent conditions is
satisfied ([22, Exercise 22.5]):

e Every non-unit is a finite product of primary elements.

e H is a weakly Krull monoid with trivial ¢-class group.
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Clearly, every localization H, of H at a minimal prime ideal p € X(H) is primary, and
a weakly Krull monoid H is v-noetherian if and only if Hy is v-noetherian for each p € X(H).
Every v-noetherian primary monoid is strongly primary and v-local ([I8, Lemma 3.1]), and every
strongly primary monoid is a primary BF-monoid ([I7, Section 2.7]). Therefore the coproduct
of a family of strongly primary monoids is a BF-monoid, and every coproduct of a family of
primary monoids is weakly factorial. A v-noetherian weakly Krull monoid H is weakly factorial
if and only if C,(H) = 0 if and only if Heq = Z;(H).

Let R be a domain. We say R is a Mori domain, if R® is v-noetherian. R is weakly Krull
(resp. weakly factorial) if and only if its multiplicative monoid R® is weakly Krull (resp. weakly
factorial). Weakly Krull domains were introduced by D. D. Anderson, D. F. Anderson, Mott,
and Zafrullah ([2 [4]). We recall some most basic facts. The monoid R*® is primary if and only if
R is one-dimensional and local. If R is a one-dimensional local Mori domain, then R® is strongly
primary([I7, Proposition 2.10.7]). Furthermore, every one-dimensional semilocal Mori domain
with nontrivial conductor is weakly factorial and the same holds true for generalized Cohen-
Kaplansky domains. It can be seen from the definition that one-dimensional noetherian domains
are v-noetherian weakly Krull domains.

We continue with T-block monoids which are weakly Krull monoids of a combinatorial flavor
and are used to model general weakly Krull monoids. Let G be an additive abelian group,
Go C G a subset, T' a reduced monoid and ¢: T — G a homomorphism. Let o: F(Go) — G be
the unique homomorphism satisfying o(g) = ¢ for all g € Gy. Then

B =B(Go,T,1) = {St € F(Go)xT | o(S)+t(t) =0} C F(Go)xT = F

the T'-block monoid over Gy defined by v. For details about T-block monoids, see [19, Section 4].
Let D be another monoid. A homomorphism ¢ : H — D is said to be

e divisor homomorphism if ¢(u) | ¢(v) implies that u | v for all u,v € H.
e cofinal if for every a € D, there exists u € H such that a|¢(u).

Suppose ¢ : H — D is a divisor homomorphism and D is reduced. Then ¢(H) is a saturated
submonoid of D and H,eq is isomorphic to ¢(H)(see [17, Proposition 2.4.2.4]). Therefore we can
view H,.q as a saturated submonoid of D.

The following is the main theorem of this section. Clearly, orders R in algebraic number fields
satisfy all assumptions of Theorem In particular, C,(R) is finite, it coincides with the Picard
group, and every class contains a regular prime ideal (whence Gp = C,(H) holds). Suppose R
is a v-noetherian weakly Krull domain with nonzero conductor. Then all localizations R, are
finitely primary and if R is not semilocal, then R has a regular element with is not a unit whence
B(Gp) # {1}. For an extended list of examples, we refer to [19, Examples 5.7].

Theorem 4.2. Let H be a v-noetherian weakly Krull monoid with the conductor ) # § = (H :

f[) C H such that the localization Hy is finitely primary for each minimal prime ideal p € X(H).
We set P* = {p € X(H) | p D f} and suppose P = X(H) \ P* # (. Let Gp C C,(H) denote the
set of classes containing a minimal prime ideal from P, and let 7 : %(ﬁ) — X(H) be the natural
map defined by w(P) = PN H for all P € %(ﬁ)
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1. Suppose 7 is bijective. If H;X/pr is finite for each minimal prime ideal p € X(H) and
B(Gp) # {1}, then H is fully elastic.

2. Suppose 7 is not bijective. If H is seminormal and Gp = C,(H) is finite, then p(H) = oo
and H is fully elastic.

Proof. Let g H — Z;(H) be the homomorphism defined by 0z (a) = aH. Then dp is a cofinal
divisor homomorphism with C(dx) = C,(H) by [17, Proposition 2.4.5].

Since H is v-noetherian, we obtain P* is finite and non-empty by [I7, Theorem 2.2.5.1], say
P* ={p1,...,pn} with n € N. By [I7, Theorem 2.6.5.3] that H, ia a discrete valuation monoid
for each p € P and by [19, Proposition 5.3.4], there exists an isomorphism

x:Zy(H) = D = H (Hp)red = F(P) % (Hp; Jred X - . X (Hp, Jred
peX(H)

where x |P = idp and, for all i € [1,n], D; := (Hp,)red is a reduced finitely primary monoid.
Hence xodpy: H — D is a cofinal divisor homomorphism with C(x o dy) = C,(H) and we can
view H,.q as a saturated submomoid of D.

By [I7, Proposition 3.4.8], it is sufficient to prove the assertions for the associated T-block
monoid

B :B(GP,T,L) C F:}—(GP)XT,

where T'=D; X ... x Dy and ¢: T'— G is defined by «(t) = [t] € C,(H) for all t € T.

1. Since 7 is bijective, it follows by [19, Lemma 5.1.3] that Hy, has rank 1 for each p € X(H).
Since ﬁp\ix /Hy; is finite for each i € [1,n], we have D is finitely generated for each i € [1,n]. It
follows that F' is locally finitely generated. Therefore B is locally finitely generated.

Since B(Gp) # {1} implies that there exists a half-factorial subset G; C G p such that B(G1) #
{1} by [20, Lemma 5.4], it follows that min R(B(Gp)) = 1. Hence min R(B) = 1 and B is fully
elastic by Theorem

2. Since 7 is not bijective, it follows by [19, Lemma 5.1.3] that there exists ¢ € [1,n] such
that the rank s; of Hy, is larger than 1, say i=1. Then D; is a seminormal reduced finitely
primary monoid of rank s > 2. Suppose b\l = l/?\lx[pl, ..., Ps], where p1,...,ps are s pairwise
non-associated prime elements. Then Dy =p; ... -psDU{1}. Let a = ep{" -... - p%* € Dy with
eeD, andac A(B) such that |a| = a1 + ...+ a5 is minimal and let n = |Gp]|.

If there exists § € 1/7\1X such that b = dp; - ... - ps € B, then b € A(B). We infer that
e = Opips" T bt and dy, = R Hiphntlp, oL pg are atoms of B for all k € N.
Since max L(cxdy) = kn + 2, we obtain that p(cidy) = % for all £ € N and max L(cxdy) —
min L(cpdy) = kn.

Otherwise let ¢(p; - ... ps) = g # 0. Then p; - ... - ps(—g) is an atom of B. We infer
that ¢, = plpgo‘?’”l e phesntl(g) and dy, = p]fo‘meQ ... ps(—g) are atoms of B for

all £ € N. Since maxL(cydy) = kn + 2, we obtain that p(cxdy) = % for all £k € N and
max L(cxdy) — min L(cxdy) = kn.

Thus in both cases there is a sequence (a)?2; with term aj € H such that p(ay) = (kn+2)/2
and max L(ay) — min L(ag) = kn. Therefore p(H) = cc.
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Since the sequence O, € F(Gp) is a prime element of B, it follows by [9, Lemma 2.11] that

U{a/b €Q|1<a/b<plag),a—b| maxL(ar) — minL(ag)}
k=1

—J{appeq1<ap< 02 0 pikn)
k=1

c{p(L) | L e L(H)}.

Let ¢ = a/b € Q with ¢ > 1, where a,b € N with ged(a,b) = 1. Choose kg = 2a(a — b). Then
a/b<ko/2 < (kon+2)/2 and a — b|kon. It follows that

k‘o’l’L—FQ

gefa/beQ|l<alb< La—blkon} C {p(L)| L € L(H)}.

Therefore H is fully elastic. O
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